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Thus, we artive at the problem studied above,
1t is obvious that the procedure described can be applied also to the optimal control
problems for the forced motions of elastic shelils,
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Shell theory equations are constructed by the method in [1] to the accuracy of
quantities of the order of k%", where k = 0 for 0 ¢t <Y, and & = 2—4&

for Y, << t << 1 (h, isthe relative semithickness of the shell and 2 is the index
of the state of stress variation), Without being within the framework of the Love-
type theory, the equations obtained are compared with the Reissner-Naghdi equa-
tions [2, 3] in which the transverse shear is taken into account, and it is shown
that from the asymptotic viewpoint these latter are inconsistent, It is also shown
that if the shell resists shear weakly, then from the asymptotic viewpoint the
Reissner-Naghdi theory is completely well founded,

The three -dimensional equations of elasticity theory are reduced to two-dimen-
sional equations in [1] by using an asymptotic method, i,e, all members of the
same order relative to the small parameter &, are taken into account at each
stage of the calculations, It has been shown that without going outside the frame-
work of the ordinary concepts of the Love-type theory of shells (in particular,
without taking account of transverse shear), the shell theory equations can be
constructed to the accuracy of quantities of the order of A%, but it is impos-
sible to exceed this limit without a qualitative complication in the theory,

1, To construct a shell theory to the accuracy of quantities of the order of A3k
(k =0 for t <Yy and & = 2—4t for Y/, < ¢ <7 1) let us use the asymptotic re-
presentation of the quantities in three-dimensional elasticity theory used in [1].

The terminology and notation used henceforth correspond to that used in [1, 4].

Let us take the equations of three-dimensional elasticity theory referred to a tri-ortho-
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gonal coordinate system (Qy, O, 0,3) as initial equations, The curvilinear coordinates
o, and 0, coincide with the lines of curvature of the middle surface, while the lines a,

are orthogonal thereto,
Let us tranform the initial equations, We introduce the nonsymmetric stress tensor T;

related to the symmetric tensor G;, as follows:

T = (1 + %j—) S, Ty = (1 + %‘) Sij
(1.1)

713:(1 +%>Gi3v 173:(1 +%i) (1 +%?;)533
i
and also make the following change of variables:
a; = RAPE;, o3 = RAIE, b = RAH pll =t (1.2)

This is customary for the asymptotic method of stretching the scale along the coordinate
lines, The coordinates £ and { are chosen in such a way that differentiation with res-
pect to them do not result in any substantial magnification of the desired functions, We
take the following asymptotic representation for the stresses and displacements

T; = Mr*, T =AM, T = Mt (1.3)
Ty = AT3* vy = MPu¥, vy = Mopg*

0, I1>2p
c“{—1+2p, 1< 2p

where all the quantities with the asterisk are of the same order, We write the three-
dimensional elasticity theory equations with (1,1)-(1, 3) taken into account,
The equilibrium equations are

Li* aL. % (a;*735*) + MPRaa;q; = 0 1.4)

o13*

a; + }“—l—'cRala’Zqi‘l = 0

. }\’—cL* + 7\,‘”213‘617* +

The stress-displacement formulas are

E
sk __
AT = T — vayT¥ — v horg (1. 5)
E dvg* _
T Gl G = AT — e (4 4,1y%)

E *
- (@mi* 4 am;*) = 2 (1 + v)a;7;;*

E 6vi*
" (ai%‘ 5T ”"’”"‘”%&*) = 2 (1 4 v) A-2lvapg %

The conditions on the face surfaces of the shell are

*
T, T5*

ajas

=+ ;T
t=+1

= A g, (1.6)
L=+1

I

The following notation is used:
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1 dt.* 1 ot .* R 04,
L¥*=— — + 2L L AP (7% — %) (1.7
T A g, T A o, TN A A 0w i")
R 04 TF o
Ap A ik gLk * (; _2_)
ada Gt ), =R (G
1 Ovy* 1 Ovgs* R 04 R 0A4
F* = — —— P 7 * -p LTt
Ay 08, T Az 0%, - i Jay 13 + Ay Jag 23
1 Ov* R 0A, va*
eF = L A ik L e B3 (1.8)
L M A A da; R,
dv,* 04,
mi*zAi_vi___;\,—p__R__fyj*
; 0E; A, A; B,
1 dog* v R
R B e (R 2 R =1 L A=
¥ =g — VPR, a=14 My

Here and henceforth, each equality containing the subscripts / and J should be considered
as two : one equation is obtained for i = 1 (j = 2),and another for i =2 (j = 1).

Proceeding exactly as in [1], but retaining more terms, the following expansions of the
desired quantities can be obtained in { from (1.4)— (1, 6)

vg¥* = Z;:(30) + )\,—Hccvgl) + }\’—2!+2p§20§2) (1,9

v* =@ 1 A-trep—cpp{D 1 A-2bapp2 @ A-BLtap~c£3,(3)

¢ =1 1 A-trep-cpy® A-2-2ppag(d) x—31+4p-c§3;§3)

T* = Tg?) + }v—l+2p—c€ri(;) + }v—zl+2p€27g) -+ }\,—3l+4p~c§3-:;§3.')

Tio® = T ol - Aot peateangag L pootiap-epigld

T = ) Lol At ® | tiapagag® )
A-slrap—crag®) + A-st+ep-20r50 (D)

In these formulas 23, 2,1, , T, are quantities of the same order, for which

the following equations hold :

RS . B (- | 2U+VR 1 (D
U,(Ln) = _—;L—g‘(Ln ) -!*‘7\« ¢ Ekqﬁgi J[""—TE—rn Tig (1,10)
(n=1,2,3)
vR - ~

Ugn) =—E (T,En v + Tjn 1)) (n=1,2)

m E () (m) 187 2p{ L 1\ -
T‘I', = m [6-1 "'l" 'Ve:, + Sn kn dn R (R] R,i e(YL ] +

v r Os'n,l (n)
T~ an 13 (n:O,...,S)

) _. £ (O] (n) 17, 3,9 2 1 A\, D
Ty == SR +v) [mi + my + sq k'n d'n, R (Ri Hj m;
0

(n=0,...,3)

d ! r.t
 _ In <sn3d,3dn4an51;m—1> — I Fee —K—lﬁlnR%) (n=1,....5)

T = N

—¢ 2R
m _ 1 MO B g 1( 128 0 2-1-pRg.
Tis — L o7 6,3L; 8, \?\, T T -+ APRg;

('l:/v'--»4)
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}‘/‘P
T - hobrpeerly) o hsit-er)) = S (1.11)

- - R . -
[Qi+—91 +A (T @ )}
j

: AP - P F4 1
o)) 4+ A2t — -5 [Qi+ +q;7 A e (" —q.7) {
2 o

—c
I‘(30) + x—l+2p—crg2) - )\I—3l+4p—ct:(;1) _ xT «

- - 1 1 -
[93+ —qs +AIR (-R— + T) (g5 +q3 )]
i J
Tgl) + }\l—zl+4p—2cr§3) + 7\,“4l+6p“2617§5) — }"_;i «©

[Q‘f +g5” +A'R (7?1— -+ 7%) (gs" — QS_)}

1

The following notation has been used here ¢
kpt =0, s, = \-2ptc, rah= Al § =1, dp=A"
knmzsnm:‘rnmzdnmzly §," =0 (nFm)
The quantities with negative superscripts should be assumed zero, The notation ¢;(®,
e;®, g@, m®, Lk, Lk and FW(k =0, ..., 3; m =0, ..., 4) is obtained
from (1.7) and (1, 8) in which the asterisk must be replaced by the superscripts 0,2, &
or m ,respectively, The following formulas hold for the remaining quantities:

FR aA. [6}]
)] 1 9y - R 1 (1) _ U3
e -_—_.-————*—A,p____.__v. +}V2P+CR_
R AA; 0a; U R,
1) 1
O N WL
=
4, 3, R,
FER N (PR SRR
1 - - s o —
A, T, A4 00 U BT

The system (1,10), (1, 11) contains 43 unknowns and as many equations, This system
can be transformed by quantities used in shell theory, As a result of manipulations, we
obtain formulas analogous to those Naghdi proposed,

The displacements of the middle surface, the stress resultants and moments are defined
as follows by using (1, 1), (1. 3), (1. 9):

=My =M, = A, ® (1.12)

—2i+2p
T;dotg = 2hAl (tﬁ") + }”—3_ 1§f>>
h

h

Zv.i = 5
;

G; = S T;05ddy = 2—;"? A2p-c (1-21) - A-2l+2p % 1,ga))
~h
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h
Sij = \ widas = 2hAl (rgj? -+ Z‘Z—M” 1,—@)
h
Hy= \ toda, = 2 pow—e (2 + aowean 2 )
—,}h
Ny = \ tyyday = 2007 (T(o} + A" ;zp c g) + x~3t;4p-c 17§§))
—h

Transforming the system (1,10), (1, 11) in combination with (1, 12), we obtain the equi-
librium equations of shell theory which agree with the standard equations and refined
elasticity relationships, For brevity, let us write them in tensor form

Ti — BRikabe,, | (1 -9 DFistigy - DPy, + (1.13)

D2(i—v)Gk VaVeey’ + 3(1 )szaB va(gs' + g87) 7)
Milﬂ =D (EikaB . 1 + v caﬁc”‘) p + DHikaBSaB +
T B Phagey” + D (1 )Gmﬁﬁvavﬂw«* +
>3 X - hz i -
D-—g—G”c P gatas + —5 Q”‘ Py« (g8" — g87) + ?;'(*%)—_—v“) e (g5 +q57)
. 2ER b i -
N = — g @ — 3700 (0" — 42)
Here
Tas = — Valt + Ugha® — Caflipy (1.14)
E"kap anakﬁ + »vcldckﬁ (1' 15)
P¥ = = ){(1 + 2v) aitakP 4 (2 - v) ci2cF?] byg
i 14 3v
kap ix iahEB __ iahkB __ HioghB
FYR — Q HairghB . 2qicpkB 2(1—&—\7)(& bk bixg kB)

Vikaﬂ — qiegkB -+ claghB . caBeik

G'Lhzzﬁ Elklﬁ 1 + v ¢Beik

Hik(lB — ZH(L’:“&% + 28}15]“3 . 1 + v (aiubkﬂ — biaa’kﬁ)

V«?saB OH = — by*

2Eh 2Eh3?
1 — a2 3 (1 - '\72)

Qif\'&{g 1 G?kaﬁ +

3(1 )

Kilmﬁ — szkaB + leaﬂ’ B = , D=

The physical components of the tensors 7%, M, &,5, Hap are related to the stress
resultants, moments, and strain components as follows:

feql =&, 8yl = —.i—ﬂ), (wal =% [l =7 ”‘%{J, (1.16)
T8 =T;, (T =S8y [M%=G, [M"l=Hy;
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The remaining notation in (1, 13) —(1,15) are similar to those wsed in [17,

The theory constructed differs qualitatively from a Love-~type theory, Asinthe Naghdi
theory, an elasticity relationship for the transverse stress resuttants appears therein, More -
over, the shear Y3 characterizing the change in angle between the tangent to the o-
line and the normal to the middle surface, is introduced by (1,14), where the following
displacements ey = }\;‘DU?), - ?«,pv(;) (1.17)
should be introduced in addition to the displacements of the middle surface in order to
define Vag .

Let us note that the shear t_, is considered zero in Love-type theories, This is equi-
valent to discarding t;s* in the last formula in (1, 5), which introduces an error of the
order of k3. The order of the system of differential equations for the theory obtained
is sixteen,

Note, The elasticity relationships obtained can be used to refine the analysis ofthe
simple edge effect, which is analyzed in [5],

2. Let us write the Naghdi elasticity relationships in the customary notation (we
speak of the first variant of the elasticity relationships Naghdi proposed, in which the
transverse shear is taken into account but the hypothesis about conserving the normal
element is assumed}

ik _ BEikaﬁaaB+ DH”‘“BMap +DHikaBVaTaa (2,1)
Milf — DGikaBP«aﬁ + DHikaBEap + DGikaBVaTm

5 5Eha™™ o _ R2 -
N = — gy T — 5 @70 +007) — 3 e (03" + )

where FEikeB FikaB  GikaB are defined by (1,15),

We compare (1,13) and (2,1), For example, let us compare the elasticity relation-
ships for the stress resultants 7', Naghdi retains the terms DH#*Pu,5 and discards
terms of the same order: (1 - v) D Fik*by,g and D Pikp,* (H%b and Fi%a8 are
distinet), Moreover, there are no terms taking account of the influence of the load in
the Naghdi elasticity relationships, Neglecting them, results in an error O (h) in the
elasticity relationships for the normal stress resultants and an emor O (h,2"%’) in the
elasticity relationships for the bending moments,

It is therefore impossible to recognize (2,1) as asymptotically consistent, Naghdi
introduced terms with 7, therein but left out not only terms of the same order of small-
ness but also even greater terms (terms with (gs* — ¢,7)).

Let us examine an example which shows to what this can result in numbers, We take
a hinge-supported closed circular cylindrical shell of radius », thickness 2k and length
l ; its face surfaces are loaded as follows:

Ts gy = ¢ sin kKE, T8 |y = 0 2.2)
I
k= qrfl, 0<§<-r— 2.3

The coordinate £-line is directed along the generatrix, and the line o, along the normal
to the middle surface, We seek the solution of the axisymmetric problem posed as

v=uacos ki, v=090, w=csink (2.4)
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The boundary conditions are hence satisfied automatically, Let us compare the normal
displacement w obtained by means of the theories (1,13) and (2, 1), representing it in
the form IL

w=wy 47 W

Here w, is the displacement determined by a Love-type theory, and W is the correction
to the Love-type theory found by a refined theory, Omitting the simple calculations
reducing to the solution of algebraic equations, we write down the final results, For

k = 1 (the index of the state of stress variation equals zero) we obtain

;
Wi=—(—v) 5o sing,  Wee -5 sing 2. 5)

Here and later W, denotes the correction W found by the theory (1.13) and W, is the
Naghdi theory correction, In order roavoid writing down tedious formulas in the remain-
ing examples, the displacements are evaluated for v = 0.3. For % = h;"* we obtain
W= =1 A2 sin A7, TWs = —1.07 0 sin /% (2. 6)
It is seen from (2, 5) and (2, 6) that the discrepancy between the theories under consider-
ation is more substantial in the case ¥ = I, v = 0,3 with the load (2.2),
Let us load the same shell with tangential forces as follows:

= pcos k%, Taghay coon 0 2.7

Tafi Ia,z:h

Formulas (2, 3) and (2, 4) are retained,

A computation carried out shows that complete agreement between the displacements
w found by both theories is obtained for the load (2,7) with & = I, For k — /5 * a sub-
stantial discrepancy is obtained

hr o
Wi=—2.02 lgr'— psin b7V, Wy = -—0.191 'Vz“F‘ psinh7i% (2.8)

Note, Naghdi [3] constructs a theory there in which he dispenses with the hypothesis
of conservation of the length of a normal element, Without analyzing the appropriate
relationships here, we just note that they are also inconsistent from the elucidated view-
point,

3, By an asymptotic method we obtain the elasticity relationships for shells slightly
resistant to shear,

Let us introduce a quantity characterizing the ratio between the shear moduli G and
G’,where (G is the shear modulus for surfaces parallel to the middle surface, and G’ is
the shear modulus for planes perpendicular to the middie surface

G/ G = =hee (3.1)

We insert (3,1) into (1, 5), This will result in a change in only the right side of the last
formula in (1, 5) where the additional factor )&l will appear,

In constructing a theory of shells slightly resistant to shear, we should limit ourselves
to the following values of a:
8 0< a< 2—2t (3.2)
since it can be shown, if a >> 2—2i, that the construction of a two-dimensional theory
becomes impossible,

Omitting computations analogous to those made in Sect, 1, let us write the elasticity



Reissner-Naghdl elasticity relationships 1015

relationships for shells slightly resistant to shear

T — BE®Peqs 4 10— G ya (g5* + 957 + (3.3)

3(1 V)

*(g5" — f]:x—)
M¥ = DGF*Pugg + — DG”‘“BV Yas + rDH™ Peas -- TDR™e, v -

200 ikat AL T B
'Tm Va(% 9+ Ty (95" -+ a37)

i 2Eh h
T . _‘_4___ ix o - ia —
N' = 3(1+V)'la Yaz — T 3 a (ql qz")
The notation (1, 15) introduced in Sect, 1 remains valid for the formulas written down,
Two versions of the elasticity relationships are combined in (3, 3) ; by assuming

r = 0, we obtain the first version of elasticity relationships to the accuracy of
O (hy +B&H72%) 0K
0 (hf—zt + hi—4t—2a)’ YLt <A

(3.4)

and for r = 1 the second version to the accuracy of
e= O™ LR, 0Ct<t (3. 5)

1t should be noted that for r = 4 the theory (3, 3) plays the same part for shells re-
sistant to shear as the theory [1] relative to the remaining Love-type theories ; a more
complex and higher order system of shell theory equations than Naghdi’s is obtained in
attempting to go beyond the accuracy (3. 5).

Comparing the elasticity relationships (3,3) for r = O with the Naghdi elasticity
relationships (2, 1), let us note that they differ negligibly in some numerical coefficients
in the second order terms ; thus the coefficient is ¢/, for the term DG#*EV vg, in(3,3),
while it is unity for the same term in the Naghdi theory ; moreover, the coefficient is
?/4 in the first term on the right in (3, 3) for the transverse stress resultants in the elasti-
city relationships, while it is 3/, in the Naghdi relations, It hence follows that the Na-
ghdi elasticity relationships assure an accuracy to quantities on the order of (3,4) in an
analysis of shells weakly resistant to shear,

Let us present a table (Table 1) of errors of the different theories for shells weakly
resistant to shear, We represent the errors as #,* 4~ h,P? or h,*, and we enter the va-
lues of o and P in the Table, The errors obtained in analyzing shells without edges and
a zero index of variability of the state of stress are written in the first row, The errors
obtained in an analysis by the method of separating the state of stress [5], are given in
the second row, the errors obtained for the membrane state of siress ({ = () are given
in the upper line of the row, and the errors in analyzing simple edge effects (¢ =/,)
are presented in the lower line of the row, Errors for states of stress with high variability
are written in the third row,

Let us clarify the domain of applicability of the Naghdi theory as a function of the
variability index of the state of stress and the number a which characterizes the shell
shear stiffness,

An analysis of the shells under consideration by a Love-type theory not subjected to
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improvements yields an error O (h, - hZ%~9), while by modified theory [1] the er-
ror is O (hZ2-%). It is seen from these error estimates that Love-type theory assures

an accuracy which agrees with the accuracy of the Naghdi theory in an alaysis of closed
shells with zero index of variability for values of @ <7 1 , which is even exceeded in
the second case, For a = 1 the errors of all these theories agree, The Naghdi theory
yields a lesser error for 1 < a < 2 (see the first row in the Table),

Table 1
Theories
¢ Love-type [1] Naghdi (3.3), r =1
3 B -3 a B a B
0 1 2 —a 2—a 1 4 —2a 2 4 — 2a
0 1 3/2—{7 3/2-«(1 1 5/2———2/‘1 3/2 5/'2——~2(l
1/ 1—a — {—a 1 2—2a 1 23— 2a
[t/2,1] | 2 —2¢t—a — | 2—2t—a|2—2t|4 4t —~2a| 22t |4 -4t —2a

If the state of stress admits of separation into membrane and simple edge effects, then
by using an iteration method desribed in [5], we obtain that for g < !/, an analysis
of the membrane state of stress by Naghdi method has no advantages as compared with
Love -type theory, But for simple edge effects and states of stress with high variability,
the Naghdi theory assures higher accuracy than a Love-type theory (see the second and
third rows in the Table),

The author is grateful to A, L, Gol'denveizer for consultation and constant attention
to the research,
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